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STRENGTH AND FATIGUE NUMERICAL ANALYSIS OF JOINTED-TELESCOPIC 
POWER TAKE-OFF SHAFT 

Summary 

The aim of this work is to develop a numerical application to strength and fatigue numerical analysis of jointed-telescopic 
Power Take-Off shaft. Exemplary results for equivalent of stress in whole shaft and in a part of stress concentration are 
shown. Presented chart of changing of the number of the correct cycles operation of the PTO shaft depending on the tor-
sional angle allows to predict a shaft life. From numerical analyses of process it follows that the numerically tested system 
can withstand the load associated with the vibration phenomena and is properly designed. Furthermore, it was found that 
the shaft at the maximum rotational operating speeds, is working at frequencies under resonance. 
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WYTRZYMAŁO�CIOWA I ZM�CZENIOWA ANALIZA NUMERYCZNA 
WAŁU PRZEGUBOWO-TELESKOPOWEGO 

Streszczenie 

Celem niniejszej pracy jest opracowanie aplikacji numerycznej do wytrzymało�ciowej i zm�czeniowej analizy numerycznej 
wału przegubowo-teleskopowego. Zamieszczono przykładowe wyniki dla napr��e� zredukowanych dla całego wałka oraz w 
miejscach ich koncentracji. Zaprezentowany wykres zale�no�ci liczby cykli pracy od k�ta odchylenia widłaków pozwala na 
prognozowanie trwało�ci WPM. Z przeprowadzonych analiz numerycznych procesu wynika, �e badany numerycznie układ 
wytrzymuje obci��enia zwi�zane ze zjawiskami drganiowymi i jest prawidłowo zaprojektowany. Ponadto, stwierdzono, �e 
wał przy maksymalnych obrotowych pr�dko�ciach roboczych pracuje w cz�stotliwo�ciach podrezonansowych 
Słowa kluczowe: wał przegubowo-teleskopowy, analiza wytrzymało�ciowa, analiza zm�czeniowa, analiza numeryczna 

1. Introduction 

Modern farm tractor on the farm isn’t only a source of 
tractive force, but also provides the energy to drive machin-
ery and equipment working elements aggregated with the 
tractor. It can be also used to drive assemblies of stationary 
machinery. 
 Jointed or jointed-telescopic Power Take-Off shaft 
(PTO) are used for power transmission and are most com-
monly used in automotive, agricultural, forestry, and con-
struction (fig. 1). Using the relay shaft is driven attached 
harvesters for cereals, beet, potatoes, forage harvesters, 
binders, spinners, planters, etc. In order to enable the trans-
fer of power from each tractor to any agricultural machines, 
splines of shafts relay and rotation speed were normalized. 
PTO shafts can rotate at a constant speed, dependent only 
on the speed of the engine crankshaft, and completely inde-
pendent of the speed of the tractor or engaged gear. The ro-
tational speed of the shaft is standardized and is it 540, 750 
or 151000 ±  rpm at rated rotational engine speed [3, 14]. 
 PTO shafts may also have a so called rotational syn-
chronized speed, i.e., dependent on the speed of the tractor 
(the engaged gear). Variable speed shaft is proportional to 
the movement speed of the tractor. Speed synchronization 
is applicable, among others, in the case of driving a sowing 
instrument, where the speed of the seed is dependent from 
the speed of the tractor. Speed must be also synchronized in 
shaft transmitting power from the engine to the drive 
wheels of the tractor trailers and machines in order to in-
crease the traction of the whole unit. The rotational speed of 

the shaft must be such that the peripheral speed of the drive 
wheels of the tractor and trailer or machinery with the driving 
axle were the same [3]. Presently the shaft with independent 
rotation is standard in every new tractor. From its power class 
and sets depends that has one speed – 540 rpm, or the ability to 
choose between 540 and 1000 rpm [3]. 

a) 

b) 

Source: / �ródło:  

Fig. 1. View exemplary jointed-telescopic power take-off 
shafts to drive agricultural machinery without (a) and with 
overload clutch (b) 
Rys. 1. Widok przykładowych wałów przegubowo-
teleskopowych do nap�du maszyn rolniczych bez (a) i ze 
sprz�głem przeci��eniowym) (b) 

 Jointed-telescopic Power Take-Off shaft consists of the 
following components: external yoke, internal yoke, cross 
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connector, the spline shaft with a pipe or external or inter-
nal pipe and casing (fig. 2). 
 Depending on the design of PTO shafts puts the follow-
ing requirements: 
− working length 500-2000 mm, 
− maximum speed up to 1000 rpm, 
− maximum transmitted power up to 200 kM, 
− maximum moment of 1400 Nm, 
− the possibility of using the clutch for overload protec-

tion (fig. 1b). 

It is optimal that during the field work when all the 
working elements of PTO shaft are working in its axis or 
have a small deviation angle of from the axis of the drive 
shaft from the tractor to driven machine. Using a PTO shaft 
in a different setting, e.g., when turning causes it to run-out, 
which contributes to its rapid wear. Examples of typical 

mechanical damage of jointed-telescopic Power Take-Off 
shafts, caused by improper use are shown on figure 3. 
 One of the fundamental problems associated with the 
operation of PTO shafts is to determine: 
− states of stress in structural elements and areas of its ac-

cumulation, depending on the angle of deviation driving 
shaft and driven shaft, 

− shaft fatigue wear at different deviation angles, 
− frequencies periodicity of the shaft and the increase in 

stress- induced by increase in the frequency force.
 In order to perform these calculations and determine ac-
ceptable working conditions PTO shaft, due to specified 
criteria and constraints of limitations, developed applica-
tions on the computer system ANSYS. Applications allow, 
among other things, to carry out of the strength and fatigue 
numerical analysis and to determine the impact of the de-
gree of twisting of external yoke operational strength. 

�
Source: / �ródło: 

Fig. 2. View of the most important parts of the Jointed-telescopic Power Take-Off shaft 
Rys. 2. Widok najwa�niejszych elementów wałka przegubowo-teleskopowego 

     a)      b)       c)      d)      e) 

Source: / �ródło:  

Fig. 3. Typical mechanical damage of jointed-telescopic Power Take-Off shaft: a – crack of internal pipe, b, c, d – fatigue 
wear of external yoke, bended yoke, bearing damage and broke out of cross connector, e – fatigue wear of internal yoke 
Rys. 3. Typowe uszkodzenia wałka przegubowo-teleskopowego: a – p�kni�cie rury wewn�trznej, b, c, d – zu�ycie zm�cze-
niowe widłaka zewn�trznego, rozgi�cie widłaka, uszkodzenie ło�yskowania i wyrwanie krzy�aka, e – zu�ycie zm�czeniowe 
widłaka wewn�trznego 
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2. Strength and fatigue analysis of PTO shaft 
2.1. Application for analysis of physical phenomena  

 The first step in the development of applications for 
strength analysis is to develop a solid model PTO shaft. To 
create geometry PTO SolidWorks software was used (fig. 4). 
 On the other hand calculations were performed in 
ANSYS. In the computer model assumes that, the shaft is 
made of material elastic/visco-plastic (E/VP) corresponding 
to the parameters of steel 1.2842 [1, 2, 5, 9, 10, 11, 13]. The 
effects of surface roughness, the effect of thermal phenom-
ena and the effect of friction in the fasten were missed. 
Geometric model was discretized to the 105025 finite ele-
ments (186617 nodes). One of external yoke has been fixed 
(FIXED SUPORT – fig. 5), and the second external yoke 
was applied moment 750M0 =  [Nm]. Numerical investiga-
tions were performed for the following angles between the 
axis of the external and internal yoke: � = 0, 15, 30, 45, 60, 
75 and 90°. 

a) 

b) 

�
Source: / �ródło:  

Fig. 5. Jointed-telescopic shaft with: a) – initial and bound-
ary conditions, b) – discretized FEM model; number of fi-
nite elements – 105025 and nodes – 186617
Rys. 5. Wałek przegubowo-teleskopowy: a) – warunki brze-
gowo-pocz�tkowe, b) – model dyskretny MES; liczba w�-
złów – 186617, liczba elementów sko�czonych – 105025  

2.2. Strength analysis 

 Exemplary results of reduced stresses σeq [Pa] according 
to the hypothesis Huber-Misses-Hencky for selected angles 
( o0=α  and o90=α ) operating of TPO shaft power 
transmission shown in figure 6 and 7. 

a)

b)
Source: / �ródło:  

Fig. 6. State of equivalent stresses in the jointed-telescopic 
shaft for angles of deviation in deriving and derived 
shafts o0=α  (a) and o90=α  (b) 
Rys. 6. Stan napr��e� zredukowanych w wałku przegubo-
wo-teleskopowym dla k�tów odchylenia osi wału nap�dza-
j�cego i nap�dzanego o0=α  (a) i o90=α  (b) 

a)

b)
Source: / �ródło:  

Fig. 7. State of equivalent stresses in the place of their 
maximum value concentration in jointed-telescopic for an-
gles of� axis deviation in deriving and derived shafts 

o0=α  (a) and o90=α  (b) 
Rys. 7. Stan napr��e� zredukowanych w miejscach koncen-
tracji ich maksymalnych warto�ci w wałku przegubowo-
teleskopowym dla k�tów odchylenia osi wału nap�dzaj�ce-
go i nap�dzanego o0=α  (a) i o90=α  (b)

Source: / �ródło:  
Fig. 4. Solid model of jointed-telescopic Power Take-Off shaft with Cardan joint 
Rys. 4. Model bryłowy wałka przegubowo-teleskopowego z przegubem Cardana
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2.3. Fatigue wear analysis 

 The aim of the analysis was to determine the number of 
fatigue cycles work properly jointed-telescopic shaft, for 
the case of unilateral pulsating loads and different angles 
axis deviation for in deriving and derived shafts. The results 
of numerical calculations for angles in the range 

oo 900 ÷=α  are shown graphical in figure 8. Also de-
veloped dependence of the number of cycles N the correct 
operation from the angle � in the form a polynomial of the 
second degree: 

.9577,0R,9587511822,3N 2 =+α⋅−α⋅=   (1) 
 The analysis shows that the deviation angle � has a very 
significant influence on the fatigue strength of the shaft. For 
example, for an angle o0=α  for fatigue strength are 
98819 cycles (fig. 9a), while for an angle of o90=α �is 15 
750 cycles (fig. 9b), which is six times less. 
 Moreover, the fatigue curves are developed for various 
angles deviation � and torsion loads of the shaft in the 
range 1125373Mo ÷=  [Nm]. For example, a load change in 

the range of 375 to 563 [Nm], an angle o0=α  (Fig. 10a), 
causes a more than 130-fold decrease of fatigue strength, 
i.e. from cycle 71065,1N ⋅=  to 51025,1N ⋅=  cycle. 

Source: / �ródło:  

Fig. 8. Changing of the number of the correct cycles opera-
tion of the PTO shaft depending on the torsional angle  
Rys. 8. Zmiana liczby cykli poprawnej pracy wałka prze-
ka�nika mocy w zale�no�ci od k�ta odchylenia  

a)

b)
Source: / �ródło:  

Fig. 9. Amount N of correct cycles of proper operation of 
the PTO shafts for the case of pulsating positive loads for 
various values of angle o0=α  (a) and o90=α  (b) 
Rys. 9. Liczba cykli N poprawnej pracy dla przypadku ob-
ci��e� odwzorowano t�tni�cych dodatnich dla ró�nych k�-
tów odchylenia o0=α  (a) i o90=α  (b) 

On the other hand increasing angle to o90=α  results in a 
further nearly 10-fold reduction in the cycles from 

6102,1N ⋅=  to 4105,2N ⋅=  (fig. 10b). 
 In addition, it is preferable to perform the modal calcu-
lation in order to determine the frequency and the shapes of 
free vibration also the harmonics calculation. This is neces-
sary in case of a rigid connection of transmission drive 
components. Modal and harmonic calculations are per-
formed for parts of machines, which during their life cycles 
are loaded, mainly rotational parts. These analyzes are de-
signed to, at first to determine the values of free vibrations 
of a part (modal analysis) and then is necessary to check 
that, the part isn’t in resonance frequencies, and then to de-
termine the change in the displacements value, strains and 
stresses under the influence of variable frequency load op-
erated part or assembly parts. These calculations were also 
performed for the shaft, showing the possibility of the de-
veloped application, and in order to check whether the rota-
tional speed of the shaft doesn’t work on the resonance fre-
quency. 

�
Source: / �ródło:  

Fig. 10. The fatigue curves for different load moments Mo, for various values of angle o0=α  (a) and o90=α  (b) 
Rys. 10. Krzywe zu�ycia zm�czeniowego dla ró�nych momentów obci��enia Mo, dla k�tów odchylenia o0=α  (a) 
i o90=α  (b) 
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3. Modal and harmonic analysis 

 Analysis was carried out using FEM In this method, 
a construction model is a discrete system with a finite num-
ber of degrees of freedom. It is known that the differential 
equation describing the vibrations of a discrete system with 
N degrees of freedom can be represented in matrix form as 
[6, 7, 8]: 

1N1NNN1NNN1NNN )t( ××××××× =⋅+⋅+⋅ FqKqCqM ��� , (2) 

where q is the vector of degrees of freedom of the system, 
F(t) is a vector of external forces, and M, C, K are respec-
tively called a mass (or inertia), damping and stiffness ma-
trices. 

Equation (2) is called the equation of motion, is in fact a 
system of N ordinary differential equations of the second 
order. These equations are coupled, if the matrices M, C
and K aren’t diagonal matrices. If the vector F(t) is equal to 
zero, then we are dealing with free vibration – without ex-
ternal loads. If in addition in the construction isn’t dump-
ing, it's free vibration. 

The differential equation a free vibration of the discrete 
system can be written as: 

.0=⋅+⋅ qKqM ��  (3) 
The general solution of this equation takes the following 

form: 
tsintcos)t( BA ω+ω= qqq , (4) 

where: qA and qB are vector of constant. 
The second derivative of the displacement vector is:  

qqqq 2
B

2
A

2 tsintcos)t( ω−=ωω+ωω−=�� . (5) 
Substituting (4) and (5) to (3) are obtained: 

02 =+ω− KqMq , (6) 
and than: 

.0)( 2 =ω− qMK  (7) 
Equation (7) is called an own generalized equation. By a 

simple transformation can be reduced to the standard own 
problem qAq λ= . 

Equation (7) is a homogeneous linear system of equa-
tions whose solution, is simple, and solution is q=0. This 
system may, however, have other solutions if the matrix is 

)( 2MK ω−  singular matrix, than: 

.0)det( 2 =ω− MK  (8) 
Equation (8) is a polynomial of the nth degree with re-

gard to the variable .2ω  Looking for zeroes iω  of this 

polynomial. The value iω  is called the frequencies of free 
vibration, and the corresponding vectors qi that satisfy the 
equation (7) for the value iω  – eigenvectors. 

The physical interpretation of each eigenvector qi repre-
sents the so-called self-form of free vibration for frequen-
cies iω  – is the displacements vectors, which describe the 
deformation of the construction, characteristic for this part 
of the vibration. The solution of equation (8) doesn’t con-
tain information about the amplitude of vibration. If the 
vector qi is the solution (8), is also solution of rqi, where r
– is any multiplier, is their solution. In practice, the eigen-
vectors are often presented after normalization into the rela-
tion to the mass matrix: 

1i
T
i =Mqq , (9) 

which makes to the corresponding scaling of the vector qi
coefficients. Knowing vector qi defines the shape of the de-

formation of the model by a frequency vibration iω , which 
can also appoint suitable for the normalized frequency dis-
tributions of stresses. 
 In practice, an analysis of free vibrations it is necessary 
to analyse the presence of the resonance in elastic struc-
tures. The task of the designer is to design elastic properties 
or inertia to the frequency of free vibrations of the structure 
doesn’t cover with the frequencies of typical external influ-
ences [6, 7, 8]. 
 The calculation results of the frequency of free vibration 
of the shaft are shown in table 1. 

Table 1. The calculation results of the frequency of free vi-
brations and their state 
Tab. 1. Wyniki oblicze� cz�stotliwo�ci drga� własnych i ich 
postaci 

No of state of free 
vibration 

The frequency of free 
vibration 
fw [Hz] 

State of  
vibration 

1 22,34 flexural 
2 22,49 flexural 
3 151,26 flexural 
4 152,11 flexural 
5 390,43 flexural 
6 393,73 flexural 

Source: / �ródło:  

 The chart shows that the shaft speed of 1000N =  rpm 
frequency force is equal 7,16f =  [Hz], which is lower than 
the first frequency of free vibration, so there is no danger of 
falling into the mechanical resonance. 
 The purpose of the harmonic analysis was to determine 
the changes of displacements, strains and stresses occurring 
in the shafts under the influence of variable of cyclic load 
changes. Numerical analyses were carried out by means of 
a Finite Element Method. Exemplary results of the calcula-
tions are shown in figure 11, which shows the increase 
normal stress in a plane perpendicular to the axis of the 
shaft with increases of the free vibration frequency, for the 
load moment 750Mo =  [Nm]. Visible is a sharp decline in 
growth stresses beyond the first resonance frequency. 

Source: / �ródło:  
Fig. 11. Chart of dependence of normal stresses increase in 
a plane perpendicular to the axis of the shaft among with 
increases of the free vibration frequency 
Rys. 11. Wykres zale�no�ci przyrostu napr��e� normalnych 
w płaszczy�nie prostopadłej do osi wału wraz ze wzrostem 
cz�stotliwo�ci drga�
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 Exemplary solution results for equivalent stress for frequency 25 Hz and loads 750Mo =  is shown on figure 12. 

Source: / �ródło: 
Fig. 12. Map of increment of equivalent stresses σeq [MPa] of the shaft with the vibration frequency 25 Hz and a moment 
load 750Mo =  Nm
Rys. 12. Mapa przyrostu napr��e� zredukowanych σeq [MPa] w wale przy cz�stotliwo�ci drga� 25 Hz i obci��eniu momen-
tem 750M o =  Nm 

4. Conclusions 

 On the basis of numerical analysis and experimental re-
search the following conclusions can be drawn: 

1. Improper operation of jointed-telescopic shaft (eg. no 
turning off on the headland) leads to their premature fatigue 
wear. 
2. Developed applications in the system ANSYS enables 
complex strength, modal, fatigue and harmonic analysis of 
jointed-telescopic power take-off shaft. 
3. Conducted analysis let for determination of stress con-
centration. For the analyzed case demonstrates that the 
greatest equivalent stresses are in the same place, where oc-
curring defects in fact. 
4. Developed the fatigue wear curve, on based which we 
can predict the durability of the shaft, depending on the 
load moment and angle deviation for driving and driven 
shafts. 
5. From numerical analysis of process it follows that the 
numerically tested system can withstand the load associated 
with the vibration phenomena and is a properly designed. 
Furthermore, it was found that the shaft at the maximum 
rotational operating speeds, is working at frequencies under 
resonance. 
6. The developed application can be used also in the process 
of designing new jointed-telescopic shaft, in order to make 
complex analysis. At the first step it is possible to perform 
calculations of strength, fatigue, modal and harmonics. On 
the other hand, in the second stage, before production of de-
signed shafts, is perform optimization (optimization of topo-
logical and parametric optimization [6, 11, 12]). 
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